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These are the course notes for Math 525: Algebraic Number Theory course
given in Bogazici University in Spring 22 by Alp Bassa.

0 Introduction

The textbook for the course is P. M. Cohn, Algebraic Numbers and Algebraic
Functions. This book is the elementary version of E. Artin, Algebraic Num-
bers and Algebraic Functions. A further aim might be to read the harder
version after (or during) this course.

Algebraic Numbers (Number Fields)

Number fields are the finite extensions of the rational field Q. Questions
about the arithmetic of the integers are answered by considering the number
fields and their ring of integers.

Question. Which primes can be written as a sum of two squares?

We see that
2=124+1%5=2%+1% 13 =2%+3%
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and that 3, 7, and 11 cannot be written as a sum of two squares. So we guess
that a prime number p is a sum of two squares if and only if p=2orp=1
mod 4.

It is easy to see that if p # 2 and p # 1 mod 4, then p cannot be written
as a sum of two squares because only other option for p modulo 4 is p = 3
mod 4, yet only squares modulo 4 are 0 and 1, so 3 is not a sum of two
squares modulo 4.

On the other hand, if p = 2% + y? for two integers z and y, in the field of
complex numbers this factors as p = (x+1y)(x —iy), or more precisely, in the
field Q(z), or even more precisely, in its ring of integers Z[i] which is called
the ring of Gaussian integers.

There is an interesting relation between the prime ideals of Z and the prime
ideals of Z[i]. As Z is a principal ideal domain, we can associate its prime
ideals with its prime elements. Under this view, an integer prime either
stays a prime in Z[i] or it “splits” into two Gaussian primes as given in the
following figure.

Figure 1: Primes of Z split as primes of Z[i].

Notice that 2 splits into two primes that are associates, so they generate the
same ideal in Z[i]. This is called a ramification.

But all these assume Z[i] is nice. That it has these so-called primes and
factorization but what does factorization in Z[i] even mean? Does it make
sense to talk about primes of Z[i]? Is every element of Z[i] a product of
primes? Is such a factorization unique?



Proposition 0.1. The ring Z[i] of Gaussian integers is a Euclidean domain.

Proof. A Euclidean norm N : Z[i] — Zx( on Z[i] is defined as the restriction
of the complex norm to Z[i]. O

Proposition 0.2. Every Euclidean domain is a unique factorization domain

(UFD).

We notice that the units of Z[i] can be classified as those elements z =
21 + 220 € Z[i] with norm N(z) = 1. Indeed, if z is a Gaussian unit, N(z)
is a positive integer unit, i.e. 1 because in such a case N(2)N(z7!) = 1
since the norm is multiplicative. On the other hand, if N(z) = 1, then
22+ 22 = (21 + 221)(21 — 291) = 1, yielding an inverse to 2.

The norm of an integer p is N(p) = p?. So if p € Z[i] is reducible, say p = af3
with o and § non-unit Gaussian integers, as the norm is multiplicative, both
N(a) and N () must be p.

It remains to prove the following proposition.

Proposition 0.3. If p =1 mod 4 is a prime in Z, then p = af for a and
B non-unit Gaussian integers.

Proof. When p =1 mod 4 the multiplicative group (Z/pZ)* = 7Z/(p — 1)Z
of the field Z/pZ of p elements is a cyclic group of order divisible by 4. Let
a be a generator of Z/(p — 1)Z. Then z = a"7 satisfies 22+ 1=0 mod p.!
Now p must divide 2% + 1. If p were to stay a prime in Z[i], then it would
divide at least one of x + ¢ or x — ¢, implying but neither % + 1% nor % — % is
a Gaussian integer. Hence p € Z[i] is not a prime anymore. Since Z[i] is a
UFD, failing to be prime means failing to be irreducible. O

Algebraic Functions

Take p(x,y) € Rlz,y| to be p(x,y) = y*> — (3 — z). The zero locus of p above
the real line gives the following picture:

! Alternatively, one can use Wilson’s theorem that says (p — 1)! = —1 mod p for a
prime p € Z and take z = ((p — 1)/2)L.



Figure 2: Real points of the elliptic curve E : y? = 2® — x.
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1 Fields with Valuations

1.1 Absolute Values

Given a nontrivial (commutative) ring R (with unity), an absolute value on
R is a function | - |: R — R with

Al: |z| is nonnegative for all € R and zero if and only if x = 0.

A2: Triangle inequality. |z + y| < |z| + |y| for all z,y € R.

A3

w

o |xy| = |z||y| for all z,y € R.

Some immediate consequences of the definition are as follows:
Proposition 1.1. o |1| =1.
o |—1]=1.



o | —z|=|x|
o |-|z| =yl | <z -yl

o fob s < o]+ faal,

Proof. e |[1|=|1-1| = 1] - [1], hence [1| =1

e Let |—1/=a>0. Then | —1|-| = 1| =a? =|1] =1, hence a = 1.
o |—z|=|—1|-|z| = |x| by above.
e Note that

v —y+yl <|lv—yl+ly = |z| |yl < |z -y
ly—z 4z <l|z—yl+z] = —|z—y| <|z] -y

The result follows from these two.

e Proof is by induction. Base case n = 1 is trivial, suppose the result
holds for n = k. Then |z + ... 2| < |z1| + ...+ |zk|. So we have that
|21 + .o F || < x|+ x| 4 @kl

]

Proposition 1.2. If there is an absolute value on a commutative ring R with
unity, it is necessarily an integral domain.

Proof. Let a,b € R such that |al,|b| # 0. Then |ab| = |a|- |b|] # 0 by A3, thus
ab # 0 by Al. m

Example 1.1. For any integral domain R, the trivial absolute value |-|: R —
R is defined as |x| = 0 if z = 0 and || = 1 if = # 0 for any element = € R.

Example 1.2. The usual absolute value on R or C.

Example 1.3. Let p € Z be a prime number. Every rational number r €
Q can be written as r = pk‘;—g where p t ag,by. The p-adic absolute value
|- |,: @ = Q on such an r is defined as |r|, = p~*.

The intuition here is that the rationals whose nominator has lots of p factor
in it are “small”. This explains the intiution behind defining |0}, = 0.

5



Example 1.4. Let K be a field and

K@) = (1) f(2) € K], g(a) € K[a)*

g(x)
be its ring of rational functions. Given an irreducible element p(x) € R,
elements of K (x) can be written as

% = p(a)*

fo(z)
go()

where p(x) t fo(x), go(x). We define the absolute value | - [,u): R — R on
such a rational function as |%]p(z) = 27" and we set |0[,@) = 0.

The next proposition is part an example, part a proposition.
Proposition 1.3. The only absolute value on ¥, is the trivial absolute value.

Proof. Let x be a non-zero element in F,. Then |277'| = |1| =1 = |z|7! by
A3. Then by Al, |z| = 1. O

A2’: Ultrametric inequality. |z + y| < maz{|z|, |y|}

An absolute value satisfying A2’ is called a non-archimedean absolute value.

Proposition 1.4 (Strict triangle inequality). For a non-archimedean abso-
lute value, if |z| # |y| then |z + y| = maz{|x|, |y|}.

Proof. Without loss of generality say |z| > |y|. Assume |x+y| # max{|z|, |y|}
so [z +y| < max{lz], [y} = |2|. But [z] = |4y —y| < max{|z+yl,[y|} <]z,
contradiction. O

Using the strict triangle inequality, we can infer that every triangle in nonar-
chimedean geometry is isosceles. Indeed, if the three corners of the triangle

2 Actually, any real number greater than 1 works. (Does it?)



are z,y, z, then |x — z| = |z —y +y — 2| = max{|z — y|, |y — 2|} and either
|z —y| = |y — 2| or |x — y| equals of |x — y| or |y — z|.

A good example is the ring K ((x)) of formal Laurent series over a field K.
An absolute value on K((z)) maps > > v a,z" to 27N, For N # M, two
elements f(z) = > 2 yvap,a™ and g(z) = >~ ,, bya™ with absolute values
27N and 2=M | respectively, have the absolute value 22™{="=M} when added.
A similar account holds for the ring of integers when they are viewed as base
p numbers. For example 11 = 23" + 03! + 132 and 6 = 23! have absolute
values 2° and 2!, respectively, and their sum 17 = 23° + 23! + 132 has the
absolute value 2° = min{2°,2'}.

Proposition 1.5. Let R be a commutative ring with an absolute value |- |g.

Then the absolute value can be extended uniquely to an absolute value on the
field of fractions F' of R.

Proof. By Proposition 1.2, R must be an integral domain. Let F' be its field
of fractions; any r € F' has the form r = ¢, where a,b € R with b # 0. If
there is such an extension of |.|g in R to |.|p in F since rb = a by A3 we

must have |a|p = |b|p|r|r as a,b € R these absolute values must coincide
which means |a|r = |a|g and |b|p = |b|g. Therefore if such an extension
exists it must be this way |r|rp = % This shows that there is at most one
extension. To show that it really exists we must prove that it is well defined
and it satisfies the axioms of being an absolute value. Now let r = ¢ = ‘g—,/,
hence ab’ = ba’ using the multiplicativity of |.|g we get |a| - [/| = |b] - |d/|
SO H‘g—‘g = ||Z,l||§. This shows that |.|r is well defined on F. The verification of
A1-A3 is straightforward. m
Proposition 1.6. For a commutative ring R, an absolute value |-|: R — R

on R is non-archimedean if and only if |m - 1g| < 1 for allm € Z, i.e. the
set {|m - 1g|: m € Z} € [0, 1] is bounded.

Proof. 1If R is non-archimedean, then the result is trivial if we use complete
(or strong) induction. For the reverse direction we have

eyt =Y (Z‘) gy <Y (7;) Apf2fiy[" < (n+1) max{|z|, [y|}".
1=0 1=0



Taking the n’th root of the above equation and letting n to infinity gives the
result. O]

Corollary 1.7. Any absolute value on a field of positive characteristic is

non-archimedean.

Proof. When the field is finite,It is immediate from Proposition 1.3.

Assume that F is an infinite field of positive characteristic p.In particular,we
have p.1p = Op.Let k£ € N then using divison Algorithm,there exists ¢,r € N
such that k = pg + r.Thus,we have that |r.1p| = |k.1p|. and |k.1p| <
|1p|+ ...+ |1¢|,s0 the image of F restricted to Z is bounded which shows that
|.| 7 is non-Archimedean. O

1.1.1 Topology defined by an absolute value

Once we have an absolute value on a field K, we can define a metric d: K x
K — R with

: d(z,y) >0 for all z,y € K and d(x,y) = 0 if and only if z = y.

s d(z,y) =d(y,z) for all z,y € K.

Dd(x,z) < d(z,y) +dy, 2)Ve,y, 2 € K.

: Translational invariance. d(z +a,y+ a) = d(x,y) for all a € K.

FEE [ E

s d(a-z,a-y) =|ald(z,y) for all a € K.

Note that we can always recover the original absolute value as |z| = d(z,0).

Endowed with this metric, we can talk about open (resp. closed) sets or balls
on K and continuity.

Proposition 1.8. Field operations are continuous.



Proof. We need to show that changing x € K to some a € K while changing
y € K tob e K, we get results comparable to the size of the change. For
example, in the case of addition, we see that

diz+y,a+b)=|(xr+y)— (a+Db)]
=|(z—a)+ (y—b)
<z —al+y— bl
=d(x,a)+d(y,b).

Similarly, for multiplication we get

d(zy, ab) = |zy — ab)
= |(y —b)a+ (z — a)b+ (z — a)(y — b)|
< d(y, b)la| + d(z,a)|p| + d(x, a)d(y, ).

Also, for inversion one has

A a ) = ot —a|

1o
Tz
|a—=
| 7a
|a—-=
] - |al
_d(a,x)
|z]]al

]

This shows that there is a correspondence between the absolute values on
K and the topologies on K. For example, in the case of the trivial absolute
value, every singleton is open because the ball of radius 1/2 centered at a
point contains only that point; hence, the trivial absolute value corresponds
to the discrete topology.

In light of this observation, we say that two absolute values on K are equiv-
alent if they define the same topology on K. The next proposition gives us
more ways to realize such a relation.



Proposition 1.9. The following are equivalent for two non-trivial absolute
values | - |1 and |- |2 on K
(1) |- |1 and |- |2 are equivalent.
(11)) B(0,1,|-]1) € B(0,1,]-]2).
(i1i) For each x € K, if |x|y <1 then |x|s < 1.
(iv) For each x € K, if |z|; > 1 then |z|y > 1.

(v) There is some nonnegative real number v € R such that |x|y = |x|3 for
every x € K.

Proof. O

March 2

Lemma 1.10. For an absolute value ||: K — R on a field K,

, a” 0 if la| <1
lim = ,
n—oo |1 + a” 1 zf\a| > 1.
Proof. For |a| < 1 we have " |- o) < la* using reverse-
1+an 11 +a” — ||1] — |a|?]

triangle inequality. For sufficiently large n, ||1] — |a|™| > ¢ for some positive
constant c. Letting n — oo shows the assertion. For the case |a| > 1,

|a"| |al |a”] |4l 1t follows that

note that < an >
1 +an] = 1] —al”] [1+a"| = 1+ al

1 < lim O

The next theorem says that two inequivalent absolute values are seriously
independent.
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Theorem 1.11 (Approximation theorem). Given a field K, nontrivial pair-
wise inequivalent absolute values ||1,...,||, on K, elements ay,...,a, € K,
and € € Rt there is always some o € K such that

la—ai|1 <é€...,Ja—a,| <e.

Proof. For each j =1,2,...,r we will find some u; € K such that u; is close
to 1 with respect to the absolute value ||; and close to 0 with respect to ||;
for all 7 # j. Then a = ayuy + - - - + a,u, will satisfiy

o — oyl < oy luy = 1+ el uil,
i#]

and we will be able to make it as small as possible.

As the absolute values are pairwise inequivalent, when r = 2 we can find
some a,b € K such that |a|; > 1 > |a]y and [b]y > 1 > |b|; by Proposition
1.9. Then ab™' satisfies |ab™'|; > 1 > |ab!|z. For the inductive step we
assume there is some a € K with |al; > 1 > |a|s,...,|a|, and find some
c € K that keeps these relations and also satisfies |c|,+1 < 1.

If |a|,11 < 1 we are done. On the other hand, when |a|,;; = 1, using the
argument in the base case we find some b € K such that [b]; > 1 > [b|,41.
If ab satisfies all the relations, we are done. Otherwise, for some big enough
n € N, we can take ¢ = a”b. Finally, if |a|,+1 > 1, again for some b € K with

b1 > 1 > |b|,41, we take ¢ = %b making use of Lemma 1.10. O

Corollary 1.12. Given a field K, nontrivial pairwise inequivalent absolute
values ||1,...,||» on K, elements aq,...,a, € K, and €y, ... ¢, € RY| there
15 always some a € K such that

o — a1 < €1, |a—a,| <e.

Proof. Take e = min{ey, ..., €.} and use the approximation theorem. ]
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1.2 Completions

Given a ring R with an absolute value ||: R — R on it, a sequence (¢;)nen
of elements ¢, € R is said to converge to ¢ € R if

lim |c, —¢| =0,
n—oo

or equivalently, given € > 0 there is some index N € N such that |¢, —c| < €
for all n > N.

A sequence (¢, )nen is called a Cauchy sequence if for every € > 0 there is
some index N € N such that |¢; —¢;| < e for all 4,5 > N.

Looking at the inequality |¢; — ¢;| < |¢; — L| + |¢; — L| for a sequence (¢,,)nen
converging to some L € R, we see that every convergent sequence is Cauchy;
but, it is certainly not the case that every Cauchy sequence is convergent in
an arbitrary ring R.

For example, when R = Q the sequence
(cn)neny = (3,3.1,3.14,3.141, 3.1415, . . .)

of the prefixes of the irrational number 7 € R of increasing length converges
to 7 in the reals, but it merely keeps getting closer and closer to the actual
value of m when viewed in the rationals with the limit lim,,_ . ¢, undefined.

A ring R is said to be complete with respect to some absolute value ||: R — R
if every Cauchy sequence in R is convergent with respect to ||.

Theorem 1.13. For every ring R with some absolute value |-| on it, there ex-
ists a complete absolute valued ring R and an analytic (isometric) embedding
t: R— R such that

1. R is dense in E,

2. R is complete,

3. R is unwersal, that is, if f: R < S is any analytic embedding of R
into a complete ring S, then there is a unique embedding f: R — S
such that the following diagram commutes:
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4. Ris a field if R is a field.

Proof. The set RY = {(cp)nen: ¢ € RYn € N} of sequences in R forms a
ring under componentwise addition and multiplication.

The set C' of Cauchy sequences in R forms a subring of RY. Indeed, if (¢, )nen
and (d,)nen are two Cauchy sequences in R, then (¢, + dp)neny and (c, -
dy)nen are Cauchy sequences because the addition and the multiplication
are continuous with respect to the absolute value | - |.

The set I of Cauchy sequences that converge to 0 is an ideal of C or more
generally, of the set of bounded sequences. Let R = C/I.> We can view
an element r € R as the constant sequence (r,r,...) € C. For s € R, if
s # r then (r,r,...) and (s,s,...) are in different classes in C//I because
(rs,rs,...) ¢ I. Therefore,

t: R—CJ/I
re—r+1:=rr...)+1

is an embedding.
We can extend the absolute value | - |: R — R to R as

t: R—=C/I
(cn) + 1 — lim |c,).
n—oo

The limit exists because (|c,|) is a Cauchy sequence (since ||¢;| — |¢;]| <
lc; — ¢;|) in the complete field R. Also, the mapping of classes to reals is
well-defined because if (¢;)nen — (dn)nen € I, then lim,, . |c,| lim, o |dy|.
Now, ¢ becomes an embedding.

We see that R is dense in R as for (ay)nen + I € R, (o — @) + I goes to
0 + I with _respect to the extended absolute value on R. It follows that for
every a € R there is always some o/ € C such that o/ + I is arbitrarily close

to o+ I with respect to | - |, hence «(R) = R is dense in R.

3Put another way, we add a point in the limit of each non-convergent (c,)nen € C; but
we do not want to put two different elements in the same spot, so we set (¢ )nen ~ (dn)nen
for (¢n)nen, (dn)nen € C if lim, o ¢, = limy, o dyp,, and mod out by this relation.

13



Let (a™),en be a Cauchy sequence in R. Since R is dense in ]§, for each
n € N there is some (3, € R such that

— 1
la™ -3, < =.
n

Let us call 8 = (By)nen. It follows that (o™ — B),ey is a Cauchy sequence
(«

in R, hence so is (o™ — (o™ — 3)) = B. Because

a® — 8] < o) ~ B + [B; - B,
we see that lim,, . |a™ — 8| = 0.

Given an analytic embedding f: R — S of R into a complete ring S , define
fiR—5
(an)nEN = lim (f(a)n)nEN'

n—o0

For two representatives (a),)nen + I = (i )nen + I of the same class,

lim [f(an) — f(eg)| = lim [f(an — as,)]

n—o0 n—oo

- Jim Jon )

= 0.

So f is well-defined, and

~

Fl(r) = fF+ 1) = lim f(r) = f(r).
As [(an)nen| = lim, oo | fla)] = f((an)neN) we see that f is analytic.
Furthermore, [ is an embedding because if f F((an)nen) = 0, then
lim | f(a,)| = lim |a,| =0,

S0 (Ap)nen + 1 =0+1 € R. Because R is dense in fi, the map f: R Sis
unique.

If
E

}A*ZA is another complete ring with R dense in it, there exist embeddings
R<—>R/andg R’<—>R so R R
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)

When R is a field, the inverse of a nonzero class of sequences (¢, )nen €

where ¢ = (¢,)nen 18 a representative with no zero coordinates is c o=

(e 1) nen € RY. We see that ¢! € C'\ I because

-1 1 _ 4 "G
o - =
CiCj
where the numerator goes to 0 and the denominator is bounded. [

Question. Does R being a field imply that R is a field?

—

R =Q and C = Q(7).

Example 1.5. With respect to the usual absolute value, the completion of

March 7

Answer. No, consider K|x,z7!] C K((z)) which is a subring of the field
of formal Laurent series. It is not a field as 2? + 1 € Klz,27!] but its
inverse x2_1+1 is not in this subring as it is not a Laurent polynomial. Consider
its completion with respect to the absolute value defined as [§|, = 27" for
7= x“;—g where x { ag, by. For bigger r, ¢ becomes highly divisible by x so
we get smaller absolute value, meaning that with completion we are allowed
to have higher degrees of x, but for =1 converse happens so principal part

stops at some —N. Hence its completion gives the field of Laurent series.

1.2.1 Archimedean Absolute Values

We will not concern ourselves with archimedean absolute values as they are
not particularly interesting from a number theoretical point of view, so we
confine ourselves to just stating the following theorems.

Theorem 1.14. (Ostrowski’s Theorem,)

1. Any archimedean absolute value on Q is equivalent to the usual absolute
value.

2. Let K be a field with an archimedean absolute value for which it s
complete, then K =R or K = C.
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1.3 Valuations

Let K be a field with a non-archimedean absolute value |- |. We had defined
the p-adic absolute value as |z| = p~™, so we can think of v as v(z) =
—log(|z|). With this idea in mind, we add an element co to the real field
such that x < oo for all x € R and define a valuation as a mapping v : K —
R U {00} which satisfies the following axioms:

V1: v(x) e Rfor all 0 # x € K and v(0) = oo.
V2: v(z 4+ y) > min{v(z),v(y)} for all z,y € K.

V3: v(xy) = v(z) +v(y) for all z,y € K.

Some basic facts about valuations are given in the following proposition.

Proposition 1.15. Let v: K — RU{oo} be a valuation on the field K. Then

1. v(1) = v(—-1) = 0.
2. v(—x) =v(x) for every 0 £z € K.

Proof. By V3, v(—1) = v(1) + v(—1) = v(1) = 0. Then v(1) = v(-1) +
v(=1) =0 = wv(—1) =0. Again by V3, v(—z) = v(—1) +v(z) = v(z). O

For two absolute values we said they are equivalent if one is a positive power
of the other. Translating it to valuations via v(x) = — log |z| we get that two
valuations v; and vy are equivalent if for some v > 0 we have vy () = yva(x)
for all x € K.

Example 1.6. Trivial absolute value gives the trivial valuation

w={ 31

16



Example 1.7. For a prime number p, we can define the p-adic valuation
v:Q— RU{c0}

as vy(a/b) = r for
a _ .ag

v,
where p 1 ag, bo.

Proposition 1.16. I' = v(K*) C R is a subgroup of (R,+). Here I' is called
the value set.

The real part of the image v(K*) of the valuation is called the value set of
the valuation v.

Proposition 1.17. The value set I' = v(K*) associated to the valuation
v: K — RU{oo} is a subgroup of (R,+). Furthermore, either I' =0 and v
18 trivial, or

1. T has a least positive element and I' = NZ for some X > 0.

2. T does not have a least positive element and I' is dense in R.
Proof. For two elements v(ky),v(k2) € ', we have

1. —v(ky) =v(k;') €T.
2. ’U(k?l) — U(kg) = U(k’l/kg) erl.

For the case (i), say A € I is the least positive element. As I' is a subgroup,
every multiple nA € T" for all n € Z. Say a € I which is not of the type nA.
Choose nA such that it is the closest element of A\Z, but then 0 < a—nA < A
meaning that A is not the least positive element, contradiction. Therefore,
I'=M\Z.

Now suppose that I' does not contain a least positive element. Since v is not
a trivial valuation, it has an element k # 0 such that v(k) > 0. Since I' does
not contain a least positive element there exist a sequence of elements k,, such
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that a, = v(k,) — 0 as n — oo. Since this sequence has an accumulation
point at 0, and I' is an additive group, we are done.

]

Valuations in the first case are called discrete valuations.

As valuations are equivalent up to multiplication with a constant, multiply-
ing with % we get ' = Z. This valuation is called the normalized discrete
valuation.

Proposition 1.18. If v(z) # v(y) then v(x + y) = min{v(z),v(y)}.

Corollary 1.19. Ifx1+...+x, =0 for some xy,...,x, € K*, then at least
two summands have the same valuation.

Proof. Otherwise
oo = v(0) = min{v(xy),...,v(z,)} < 0.

]

A subring V' of K with the property that for all x € K* either x € V or
x7t € V is called a valuation ring. Elements of V are called V-integers.

Proposition 1.20. The set O, =V = {z € K:v(z) > 0} U {0} C K
analogous to the closed unit ball in the topology induced by the related absolute
value is a valuation ring.

Proof. By definition, 0 € O,.Let x1,25 € V hence we have v(zy + x3) =
min(v(zy),v(zy)) since both v(z1) and v(xy) are greater than zero,their min-
imum will be greater than 0,showing x; + xo € V.Similarly, v(xix9) =
v(x1) + v(z2),50 from this one can easily deduce that zy25 € V.So it is a
subring of K.Let x € K% then if v(z) < 0,then v(z™') > 0 showing that
271 € V. Hence V is a valuation ring.

]
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We will call O, the valuation ring associated to the valuation v.

Example 1.8. If v is the trivial valuation, then the valuation ring associated
to v is K itself.

Example 1.9. If v is the p-adic valuation on the rationals, then

v:{%: (a,b) =1 and p1b}.

Given a valuation ring V of a field K, we can ask whether it comes from
some valuation v on K. Notice that divisibility in V' is reflected on v because
if ab = ¢ with a,b,c € K, then v(a) + v(b) = v(c) where v(a), v(b),v(c) > 0,
so v(a) < v(c). It follows that a | ¢ if and only if ca™! € V. Using that V is
a valuation ring, given a,c € V' \ {0}, either ca™! € V or ac™! € V, so either
a|corec|a.

March 14

Proposition 1.21. Fvery valuation ring V' is a local ring.

Proof. Suppose my, my <V are two maximal ideals of V. Take a € m; \ my
and ¢ € my \ m;. In particular @ and ¢ are in V, so either a | ¢ and ¢ € m; or
¢|aand a € ms.

]

The field V/m is called the residue field of V.

If V is associated to a valuation v on K, then the unique maximal ideal
V\ V* of V is given by

m=V\V*={xe K:v(z) >0}
In this case, the field V/m is also called the residue field of v.

A generalized valuation v: K — T U{oo} has the image any totally ordered
group 7. Now, given any valuation ring V' C K, we can define a generalized
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valuation

v: K — T U{oo}
x— V™
0 o0

where T = K*/V*.

Instead, we will work on the case where the valuation ring is a principal
ideal domain. These are called principal valuation rings. They correspond
in a one-to-one manner to normalized discrete valuations. In this case, the
unique maximal ideal of the valuation ring will be generated by each and
every element p € K with v(p) = 1.

Proposition 1.22. Ifm =p -V then p is irreducible in V.

Proof. 1f d | p for some d € V| then (d) O (p), but (p) is a maximal ideal. [
Proposition 1.23. Fvery c € K* can be written uniquely in the form

c=p -u

withr € Z and uw € V*.

Proof. As V is a PID, it is in particular a UFD. It is moreover local, so it
has a unique irreducible element, i.e. a unique prime. O

Associated to a principal valuation ring V' we recover the valuation

v: K - RU{o0}
purr
0 — oo.

Any generator of the maximal ideal of a principal valuation ring is called a
uniformizer.

March 14

From the discussion above follows the following theorem.
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Theorem 1.24. There is a 1-1 correspondence between normalized principal
valuations and principal valuation rings.

Example 1.10. The p-adic valuation on Q has the value set Z and the
valuation ring

a
Vp = {g €Q:pt b}
with the maximal ideal
mp:{%e(@:pfbandp|a}.
The residue field in this case is V,/m, = F,,.

Theorem 1.25. Any nontrivial valuation V' on Q is a p-adic valuation for
some prime p.

Proof. By Theroem 1.24, it is enough to find all valuation rings V' of Q.

Now, let V' be a valuation ring of Q. Since 1 € V' we have Z C V. Let m
be the maximal ideal of V. Consider m N Z.Since Z — V so for any prime
ideal p of V.,p N Z is a prime ideal of Z therefore m N Z is a prime ideal of
Z. Then m N Z is either generated by 0 implying V = Q corresponding to
the trivial valuation, or some prime number p € Z which corresponds to the
p-adic valuation because divisibility in V' is reflected on the magnitude of the
valuation, so n € pZ if and only if v,(n) > v,(p). O

The idea in the proof can be generalized as follows:

Let f : A — B be any ring homomorphism.Let p be any prime ideal of B
and let’s define p¢ = {z € A: f(z) € p} .Then p° is a prime ideal of A.In
our case,since we embed Z into V,so any pre-image of prime ideal has the
form Z N p.

1.4 Function Fields

Let K be a field. Consider the field K (z) of rational functions on K. Anal-
ogous to Z sitting inside Q with the p-adic valuation on it for every prime
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integer p, we have K[z| C K(z) with the p(x)-adic valuation on it. In Ex-
ample 1.4, we have seen the p(z)-adic absolute value and the valuation is
defined similarly as

ro()

) where p(x) 1 ag(x), bo(x)

a a
Up(a) <Z> =r for 0 # 7= p(z)

and vp(y)(0) = oo.

A valuation of K (z) over K is one that is trivial on K. Note that the p(z)-
adic valutaion on K (x) is over K. This is a concept that does not appear in
the rationals. Its goal is to focus on the contribution of K(x)\ K and not
the coeflicients’.

Theorem 1.26. If (Vy,u), My)) is a valaution ring associated to p(x) € K|z],
there is the chain

o)
K = Vi) = Vi) /Mp(a)

with ker ¢ N K = {0}. Therefore Vi) /My is a field extension of K. More
explicitly,

Vo) = {% p(z){ b(x)}
) = { 50 € ple) 1(2) and (o) | o)}

and Vi) /My = K(T) where T = o+ m € V) /My is the class of © €
K|x].
Proof. O]

Theorem 1.27. Any nontrivial valuation on K(z) is either a p(x)-adic val-
uation for some irreducible polynomial p(x) € Klz| or it is the valuation
associated to x~1 given by

Vg1 (%) = degg(x) — deg f(z)

where we set deg ) = —oo.
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Proof. Similar to Theorem 1.24, it is enough to find all the valuation rings
V C Klz| of K(x). Let m be the maximal ideal of V.

Case 1 KJz| C V or, equivalently, z € V: The ideal m N K|z] of K|[z] is
generated either by 0 implying V' = K(z) and the valuation is trivial, or by
some irreducible polynomial p(z) € Kz], hence V = V.

Case 2 x ¢ V, so 27! € m: We have K[z] C K(z), but there is no canonical
way of choosing a generator for transcendental extensions like K (z). Any

{CCL Z} € PGLy(K) gives another generator ‘;;Is for K(z). In particular,

Klz™' € K(z7') = K(z) and by assumption z7* € V. So z ' K[z7!] = maV
because 7! is irreducible in K[z!].

Given a(x™1)/b(x71) € K(x™1), we can write
a(™h) __y\rao(@)
N (z 1) 0—_1
(=) bo(z~1)
where 271 { ag(z™1), bo(z™!). For a polynomial f = agz" + -+ + a, € K|[z],
we have

S

f=@Hao+ - +an(z™H)")
and define v,-1(f) = —n = —deg f. Now if % € K(z) we can set

= —deg f — (—degy)
= degg — deg f.
O

Example 1.11. If K is an algebraically closed field, say K = C, then there
is a valuation for each irreducible polynomial z — o € Clz] and one corre-
sponding to z~!'. From the geometric object C, one gets the field C(z) of
rational functions on C. By looking at valuations, one returns to the initial
object plus co. This is in fact P;(C) with the affine chart A'(C) = C, but
the point P;(C) \ A}(C) depends on the choice. For example, if one prefers
0 to be the point at infinity, =1 is replaced by

le’l—x
10 o
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Example 1.12. Instead of looking at the affine space, we can specialize
the above construction to the case of an irreducible variety £ C A?(C) for
example defined by f(z,y) = y* — 2*(z + 1) € K|z, y]. For each point P #
O on the elliptic curve E we get a valuation on K(x,y) with the relation
f(z,y) = 0 corresponding to the inclusion K(z) C K(z,y), and one at oo
corresponding to the point O on E.

For most points, the correspondence between the points of the elliptic curve
and the valuations is 2-to-1, except for the points with y = 0 which are called
the ramification points.

Example 1.13. Associated to each a € C, we have a valuation on C(x) and

also the evaluation map % s %, but the denominator might not always

be defined. This corresponds to (r — «) 1 g(x), i.e. the evaluation is defined
only on V,_,. The map

T ‘/:Efa — V‘tpfa/mxfa
fl) J@)

+ My
g(x)  g(z)
now has the image the field of definition of a.

Example 1.14. For a field that is not algebraically closed such as K = R,
there are three types of valuations: one per each © — o, @ € R, one per each
2% 4+ ax + b with a,b € R, a? — 4b < 0, and one for 2.

In the first case, the valuation ring and its unique maximal ideals are

an:{g:x_a*g}7

mxa:{gzx—a)(gandx—a|f},

respectively, with the quotient map given by

Vo 3 Viia/mea R
Fd i, 0
g g g(a)
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In the second case, for example z? + 1 gives has the imaginary solutions
{i, —i} where neither one of them is defined over R independently, but the
Galois orbit is defined as a whole and leads to a unique valuation over R(x)
because for f,g € Rz],

5(@')20 = Lo=Ly-o

Similarly, in general, for any 2 + az + b € R[x] with a® — 4b < 0 there is one
single valuation on R(z) with the valuation ring V2 ,.4s given by

Va2 fazty = {5 z? +aa:+b+g},
the maximal ideal m,2 ..y given by
My qpid = {i > +ar+bfgand 2* +ar+ b | f}.
g

The residue field is

Vx2+aw+b/mx2+am+b - R[Z‘]/(l’2 +ar + b)
_R(@) =C
LN i
p > g (7).

It is interesting to note that on Q each distinct pair of primes p and ¢ leads
to residue fields Z/pZ and Z/qZ that lives in disjoint worlds.

March 16

If (V,p) is the (local) valuation ring associated to some (discrete) valuation
v: K — R U {oo}, the completion K with respect to the absolute value
|z| = 7@ for some v > 1 induced on K has the valuation ring

W={zekK:v) >0}
with the maximal ideal P. Note that V =W N K.

Proposition 1.28. With the notation above, V/p = W/P.
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Proof. Let a € W. As v(a) = lim,_, v(a,) > 0, we can see a as a Cauchy
sequence in V. This means there is some N > 0 such that |¢ — ¢x| < 1 for all
k > N which translates to v(c — ¢) > 0, hence ¢ — ¢, € P.

By the second isomorphism theorem,
Vip=V/(VNnP)=(V+P)/P=W/P.
m

By the definition of valuation of a Cauchy sequence, the value group A of

v on K is the completion of the value group I' of v on K. In particular, if
' =7Z then A = Z, too.

We have seen that when v is a principal valuation the valuation ring V is a
principal ideal domain. In particular, the unique maximal ideal p = (p) for
some prime p € V. An element x € K is in p"V if and only if p™ | x in V] i.e.
v(xz) > n—1. So the balls of the form p™V form a basis for the neighborhoods
of 0. Mimicking this construction around nay a € V/p" \ {0} we see that

a+p"V={reV:v(a) >n—-1}
is an open neighborhood of a. So

viev= ) a+pV
a€V/pm\{0}

is open. But now, both p"V and V \ p"V are open, hence the topological
space V' is disconnected. Moreover, we can separate any two points by taking
n sufficiently large. So the only connected subsets of V' are singletons, i.e. V'
is totally disconnected.

Every x € K* can be written in a unique way as
x=pu
for some unit v € V* =: U, so we have

KX = (p) x U.
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Define
Up=1+p"V={ze K:vx—1)>n}.
For example, if U is the units of the completion K[z] of K[x] under the

valuation associated to x, then

Up={1+ap2" +ap 12"+ ... }.

We have the filtration
K*DUyDU D...

where Uy = V. The intersection of all U, is given by

oo

(U, ={1}.

n=1

The surjective group homomorphism ¢y;: U — F* which is the restriction
of the ring homomorphism ¢: V' — F = V/p has the kernel ker ¢,y = Uy.
Similarly U,,/U,+1 = F for each n > 0.

1.5 Completion and Power Series

Let K be a field, v a principal valuation v on it with a uniformizer 7. So
we know that v(m) = 1 and the maximal ideal p of the valuation ring V' is
generated by 7.

Let A C V be a set of representatives of each coset under ¢: V. — V/p.
Example 1.15. For the p-adic valuation on Q we can take A = {0,...,p—1}.
Example 1.16. For the z-adic valuation on K (x) we can take A = K.
Now, assume 0 € A represents p. Every ¢ € K* can be written uniquely as

¢ = m'u for some integer r € Z and a unit v € V> in the valuation ring.
There is a unique nonzero element of A such that



which means a —cn™" € (), i.e. v(c—7""a) > 1 implying v(c—7"a) > r+1.
So for any n > r there is a unique sum a, 7" + a, 17" + - - - + a, 7" such that
v(c — (a7 + app 17" + -+ + a,m)) > n+ 1 where each a; € A and a, # 0.

Every element in K™ has a unique representative as a power series, but not
every power series corresponds to an element of K. This holds only if K is
complete.

Define addition and multiplication on A as follows: Given elements aq,as € A
their sum a; + as = a where a € A is by construction the unique element
satisfying ¢(a) = ¢(a; + ag); similarly, their product ajas = b for ¢(b) =
P(ayaz).

Now, given two power series

c= E a;m" and ¢ = g a,m’,

define their sum c + ¢ as
c+cd = g s;m!

where
So = ap+ay mod ()

s1 = (ap+ay — so)m ' +a; +a; mod (r)

cd = g t,mt

and their product ¢c as

where
to = apay mod ()

t1 = (apagy — to)m ' + apd) + ayaf mod ()

For example, one may write
17 =23"+23' + 132
where A = {0,1,2} or

17 = 23° + 231 +43%2 + 232 +23* + .. ..
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2 Extensions

Let w be a valuation on a field L extending another field K, let W C L be
the associated valuation ring with the maximal ideal ) C W, and let A be
the value group of w. The residue class field of w is denoted L,, = W/Q.

The restriction v = w;k is a valuation on K. We say w lies over v. Let V' be
the valuation ring of v with the maximal ideal P C V. The value group I' of
v is not only a subset but also a subgroup of A. In particular, if A is trivial,
then so is I'. Let K, = V/P be the residue class field of v.

If A and I are both nontrivial so that A = rZ and I" = sZ for some r, s € R,
then s = kr for some k € Z and A/T" = Z/kZ is finite. The ratioe = (A : I
is called the ramification index of L/K or of Q/P. The extension is said to
be ramified if e > 1 and unramified otherwise.

Since v is a restriction of w, the valuation ring V' of v can also be expressed
as

V={reK:w()=0}=WnK.

Conversely, if W C L is a valuation ring, then W N K will always be a
valuation ring of K. Indeed, if x € K then either z € W or 27! € W because
W is a valuation ring of L D K, but both z and x™! are always in K, so
either x € WN K or 7' € W N K, proving that W N K is a valuation ring
of K.

Similarly,
P={reK:w()>0}=0QNK.

It is also true that P =Q NV.
Comparing the residue class fields, we see that
K,=V/P=V/(QNV)=(V+Q)/Q CW/Q = L,.

When L, is a finite extension of K,, the extension degree f = [L,, : K] is
called the residue degree or the inertia degree of L/K or of Q/P or of W/V.4

4Sometimes there will be multiple pairs of residue class field extensions attached to the
same pair of fields with varying residue degrees.
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The following example carries the geometric intuition:

Example 2.1. Let L = R(z) be the field of rational functions with real
coefficients. We have seen in Example 1.14 that L has one valuation at
oo corresponding to ! and one valuation for each irreducible polynomial
p(z) € Rz]. Number fields do not have isomorphic subfields, but in the
function field case we have

K =R(t) = R(2?) = L.

The indeterminate z above has the irreducible polynomial irr(z, K) = T?—t,
so the extension degree [L : K| = 2. In this particular setup, it is true that

L= K(z) = R(t)(z) = R(x).
So L can be written as L = R(t, z) with 22 = t.

Geometrically, the situation is reflected in the following figure.

The picture tells us that there will be a valuation on K for each valuation
x — xg (or point xy) on L by forgetting the z-coordinate. It also tells us that
there are three possibilities going up:

1. Above any valuation t—tq (or point ¢y) of K there will be two valuations.
2. At 0 the two points collide.

3. For the negative points —ty there will be complex points (—tg, \/fo?)
above. Together these complex points (—tg, £+/fg¢) form a Galois orbit
and a single valuation corresponding to x* + tZ with residue class field
C whereas the residue class field below is R. O

March 23

If K C L C M is atower of field extensions with a valuation u of M restricted
to w on L and v on K, then the residue degrees satisfy

fu/v = fu/wfw/v-

If the value groups of w,v and w are A, A and I', respectively, then the
ramification indices satisfy

ek = (A:T)=(A:A)A:T) =em/rerx-
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Theorem 2.1. If a valuation w on L lies over some valuation v on K with
ramification index e and residue degree f, then

ef <|[L:K].

Proof. 1f [L : K] = oo, then there is nothing to prove.

Suppose [L : K| = dimg L < oo. Then it is enough to find ef many K-
linearly independent elements in L.

By the definition of f = [L, : K,], there are uy,...,ur € W such that
Ui, ..., u, € Ly, are linearly independent over K, where W is the valuation
ring of w. We claim that wuq, ..., u, are linearly independent over K. Indeed,
being linearly independent, the images 7, ..., %, are never 0 = @ in L, so
Uy, ..., up ¢ @ which means w(u;) = 0 for all i = 1,..., f where @ is the
maximal ideal of W. If there were a;,...,a; € K such that

a1uy + -+ aguy = 0, i.e. w(a1u1 + .o+ af“f) = 00,

then assuming that —without loss of generality— w(a;) < w(a;) for all i and

w(ar) = w(ay) for all j =1,... k for some k < f, set ¢; = a;t~' where ¢ is a

uniformizer of w and | = w(a;). Then we get
Cluy + - - -+ cpup = Ctl+1t_l

for some ¢ € L. Reducing modulo ), we get that ¢; = 0 and a; = 0 for all
7 =1,...,k because
Ciuy + -+ -+ cpup = 0

where Wy, ..., u are linearly independent over K. Repeating with
AU + -+ aruy = O,

we see that f < [L : K]. In particular, if L/K is finite, then f is finite, i.e.
the extension L, /K, is finite.

To complete the proof, choose some 7,..., 7, € L such that

{w(m), ..., w(me)}
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is a complete set of representatives of cosets A/I". The claim is that

{Uﬂj}izl,...,f,j:1,...,e

consists of K-linearly independent elements of L.

Indeed, if

E aijuiﬂj = 0
i?j

for some a;; € K, then for A; = . a;;u; we get that Zj A;m; = 0. By
Proposition 1.18, w(A,7m,) = w(Agmy) for some h # k which implies

w (ﬂ> = min{v(a), ..., v(am)} — min{v(aw),. .., v(azm)} €T.

Th
Contradiction. O
Corollary 2.2. If a valuation w on L lies over a valuation v on K, then v

is trivial (resp. principal) if and only if w is.

Proof. As v is the restriction of w, the properties of w obviously emanate on
to v. On the other hand, if v is trivial, as A < Z having |A| =e-|I'| = e is
not possible. Similarly, if v is principal, then we have
1
A C-T,
e

so w is principal, too. O

Corollary 2.3. If L/K is an algebraic field extension, then L, /K, is also
algebraic and A/T is torsion.

2.1 Complete Fields

Fix a field K, complete with respect to an absolute value | - |.

A function || - ||: V' — R on a K-vector space V satisfying

NI1: ||z|| e Rfor all 0 # z € K and ||z|| = oc.
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Z,
DO

N2: |z +yl| = min{{lz] [[y||} for all z,y € K.

z,
w

eyl = lefllyll for all z,y € K.

is called a norm.

A norm defines a metric d(z,y) = ||z — y|| satisfying d(cx, cy) = |c|d(x,y) for
all c € K.
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Let V' be a finite dimensional K-vector space. Fix a basis wy, ..., w, (hence
an isomorphism V = K) for V over K. For any = Y | ¢;w; define the
cubical norm on V' as ||z|| = max{|c;|}. Note that the value depends on the
basis, but the topologies induced by different bases are equal.’

Lemma 2.4. If (K, |-|) is complete, then (V. ||-||) is also complete. Moreover,
any other norm on V' gives the same topology as the cubical norm.

Proof. Let (a;);en be a Cauchy sequence in V. Let each a; be given as

n
a; = g CijWi,
i=1

where {wy,...,w,} is a basis of V over K and each ¢;; € K.

Being a Cauchy sequence in this setup of cubical norm means

lim max |¢;; — cix| = 0.
Jk—oo 1
In particular,
lim max|c;; —cix] =0
J,k—o00
for each ¢ = 1,...,n. Using that K is complete, let b; be the limit of (¢;;)jen.
It easily follows that

Jj—00

a = lim (a;) = Z biw;.
i=1

>This goes to say that the linear transformations and in particular the base changes
are continuous.
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This concludes the first part of the lemma.

Now, let N(-) be any other norm on V. To show that N(-) and || - || induces
the same topology on V' it suffices to prove that lim; ., N(a;) = 0 if and
only if lim;_, ||a;|| = 0 which amounts to telling that

= : Opens of the topology induced by N(-) are contained in those of || - ||.

<= Opens of the topology induced by || - || are contained in those of N(-).

Hence that they induce the same topology.

Let (a;);en be a sequence in V' such that ||a;|| — 0. Then, with the notation
above,

i=1 i=1
= bl N (w;)
i=1
<3 mas b [N uw)
i=1

= [lall > N (w)),

and the last sum is a constant depending on the basis, so N(a;) — 0.

Conversely, if N(a;) — 0 and ||a;|| - 0, then at least one limit b;, does not
converge to 0. Without loss of generality, assume iy = 1. Let (a;) be given

as s
! J
“ 101517

where j runs over a subsequence of (by;) satisfying
|b1j > €

for some €5 > 0.
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We are back to to the initial setting of this implication, but now we have
c1;j = 1 for all j’s in this restricted subsequence. As ¢;; = 1 always, the
cubical norm |[|a}[|] > 1 always. But now

0= lim N(w; + cgjwa + -+ + ¢yjwy)

j—o0

= N(U)l) + 1Lm N(ngwg + -+ anwn),
j—o0

S0
li)m N(wy + cojwa + -+ - + cpjwy,) = —N(wy). (1)
Jj—o0

Note that the lemma holds for V' = K. By induction, we can assume that

it also holds for W = (ws,...,w,) C V. In particular, it says that W is

complete, but the contradiction is given by (1) which says w; € W. ]

We saw that topology induced by a norm is unique on a complete field which
means that norms are all equivalent. Let ||; and ||2 be two norms on L which
is an extension of a complete field K. Equivalence implies that ||; = ||3 but
as they agree on K we must have v = 1, meaning that ||; = ||2. Hence we
have the following theorem.

Theorem 2.5. Let K be a complete absolute valued field. Then any algebraic
extension B of K has at most one extension of the absolute value and it is
complete for the induced topology
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In order to consider the extensions of valuations v on K, we can equivalently
deal with valuation rings W D V of L for a valuation ring V' of K.

Let R be a subring of K. An element ¢ € K is said to be integral over R if
it satisfies a monic equation

A ta o +a,c+a, =0
for some a; € R.

Homework 2.1. When R = Z and K = Q(i), elements ¢ € K that are
integral over R are precisely the elements of Z[i].
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The set of elements ¢ € K such that c is integral over R is called the integral
closure of R in K. If the integral closure of R in K is R itself, then we say R
is integrally closed in K.

Homework 2.2. Principal ideal domains are integrally closed in their field
of fractions.

Proposition 2.6. Unique factorization domains are integrally closed in their

field of fractions.

Proof. Let K be the field of fractions of a UFD R. Let 7 € K where a and
b are relatively prime. If

(G )

for some a; € R, then multiplying by a common denominator b we get
blara™ 0" 4 b)) = —a™.
Since R is a UFD, it follows that b | a”, but the assumption was that b and

a are relatively prime, so b must be a unit. O

For a nonexample look at R = k[z, y|/(y*> —23). As y* — 23 € k[z,y] is prime,
the quotient ring R is an integral domain. Let K be its field of fractions.
Take ¢ = £ € K. Because of the relation asserted by y* —2® = 0, in R[T] we
have

cc—z=0.

This is an anomaly due to the zero set
of y? — 23 being singular.

Theorem 2.7. The integral closure of an integral domain R in its field of
fractions K is a subring of K.

To prove this theorem, we look for an easier description of integrality over
R.
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Lemma 2.8. Integrality of c € K over R is the same as there being a finitely
generated nonzero R-submodule M of K such that

cM C M.

Proof. (=) if c € K satisfies
a4 a, =0
for some a; € R, then we can replace ¢ by

= —(ay " ay),

and use this relation to rewrite ¢**¢ for all ¢ > 0 in terms of 1,¢,...,c" L.
This says that the R-algebra R|[c] is a finitely generated R-module.
(<= ) Let {uy,...,u,} be a set of genereators for M. By assumption, we
can write
Cup = C11U1 + -+ - + ClpUn
CUp = Cp1UUy + *** + Cpplp.
In terms of matrices, this is
Uy
Al ] =0
Unp,
for
i1 —C C12 Cin
A C21 C22 '— c Con
Cn1 Cn2 Cnn — C
The determinant det A is 0 and it gives a monic relation for ¢ over R. [

Proof. (Theorem 2.7.) Given ¢y, ¢ with My, M, satisfying the assertion
of Lemma 2.8, take M = MM, for ¢; + co or c¢ice to prove closure under
addition and multiplication. ]
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Lemma 2.9. Valuation rings are integrally closed in their field of fractions.

Proof. Let W be a valuation ring of L with the field of fractions K. Every
c € L satisfies either c € W so c € K, or ¢ ¢ W so ¢! € W yielding ¢ € K.
It follows that L C K. As L is a field and W C L C K, we get that the field
of fractions K = L.

Let ¢ € L be integral over W. Assume ¢ ¢ W. It follows that ¢! € m < W
where m is the unique maximal ideal of W. If ¢ satisfies

a4 a, =0

for some a; € W, then

1

l=—aic! = —a,lc )" em.

This contradiction proves that W is integrally closed in its field of fractions
K. O

It is a fact that the integral closure of some subring R of a field K is the
intersection of all valuation rings of L containing K. If our aim is to find
valuation rings extending some V' C K, then we can look for valuation rings
W containing the integral closure of V' in L.

Theorem 2.10. If L is a finite and algebraic extension of K, and V' is a
valuation ring of K, then there is a valuation ring W of L containing V.

Proof. Let I be the integral closure of V in L.
Claim. The field of fractions of I is L.

Proof of claim. Every v € L satisfies some polynomial
fl)=2"+a2" '+ +a, € K[z].

By Theorem 2.7, K is the field of fractions of V; therefore, expressing each

a; as a; = % we can write f(z) = g(z)/c for

g(z) = ca" +bz" '+ + b, € V[z]
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and ¢ =0} ---b),. Note that
g) ="+ by -+ b, = 0.
Multiplying by ¢! we get
N4 b 4 bgen™ 2 £ by =0

where n = ¢y which, as shown, satisfies a monic equation over V'; therefore,
n € I. It follows that v = % is in the field of fractions F' of I. As v is arbitrary,
LCF,soL=F. ]

Consider the family F of subrings S of L containing I and having the inter-
section S N K = V. Note that F # because I € F as V is integrally closed.
By Zorn’s lemma, F has a maximal element WW.

If R is a subring of L containing W, then for ¢ € R\W we have KNW{c|] = K
by maximality of W. ... [missing]

Every r € W]c] induces a map a % ra on W]c| between K and finite-
dimensional K-vector space L, hence itself a K-vector space with kerm, =
{0}. As W{c] is finite dimensional, m, is an isomorphism; in particular, rs = 1
for some s € Wic|, i.e. W]c] is a field. Since the field of fractions of I is L, it
follows that Wc|] = L, and W is a maximal subring of L which is not a field
because W C L because W N K = V.

Take ¢ € W with ¢! ¢ W. By the above claim, W|[c™!] = L. If L were finitely
generated as a W-module, for a fixed m which is the maximum such that
¢~ appears in the generators of L, every element of L would be in the form
ac™™ for some a € W, but ¢~ (™*Y € L is a counterexample, showing that L
is not finitely generated as a W-module.

To see that W is a valuation ring of L, assume there is some u € L such that
neither u nor v is in L. Then W[u] = W[u™'| = L by the maximality of
W as a subring of L. It follows that

uw=ag+aut+- - +au"

2
U =au+ar+ -+ aU_rq1
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So u™ can be written as a W-linear combination of 1,...,u™", contradicting
the previous paragraph. O]

This proof uses Zorn’s Lemma, so it is not very constructive. To construct
valuations in field extensions L /K where K is complete, we define a valuation
w: E — RU{oco} on E, the normal closure of L, and restrict it to L to
get a valuation v : L — R U {oo} on L. By the theorem (2.5), there is a
unique extension w of v to E. If 0 : F — FE is an automorphism of F, then
woo: F — RUoo is once again a valuation on £, by the uniqueness then
w = w o 0. Now we define the norm Ng/k(a) of o € E over K as

Ng/k(a) = oi(a)...00(a) ,
where {o1,...,0,} is the set of automorphisms of E over K. Then

T

w(Ngr(a)) = w (H Ui(oz)> =Y w(oi(a)) =7 w(a) . (2)

i=1

The set of automorphisms of F is a group so o{oy,...,0,} = {o1,...,0.}
for any o € Aut(E), it follows that Ngp/x € K, so

w(Ng/k(a)) = v(Ng/k(a)) -

v(Ng/k (@)

Combining this with (2) we get w(a) = . By the normality of F,

we have the following

w(@) = gy (N (o)

Now consider the case that « is transcendental over K which is not necessarily
complete, define a valuation w on K [a] by extending v as w : K[a] — RU{oco}
via

f=ao+ -+ a,a" — min{v(ag),...,v(a,)} .
The function w on K[a] is a valuation. (Hint: the same idea as in Gauss’
Lemma) Passing to the field of fractions K(«) of K[a] define w(f/g) =

w(f) = w(g).

This valuation w is called the Gaussian extension of v to K («a). Because w is
defined by minimums, the value group A of K(«) and the value group I" of
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K are equal. Since o = 1-«, its valuation w(a) = 1, so a« € W the valuation
ring of K(«). If @ <W is the unique maximal ideal of W, then o + @ € L,
is transcendental. Indeed if

G+ a(a+Q)+ ... Ta+Q)" =0

in K,, where V' is the valuation ring of v, each @; = a; + P for some a; € K
where P <V is the unique maximal ideal of V. The ring operations on K,
require ag+aja+- - - +a,a, € @Q, in other words w(ag+aia+- - -+a,a™) >0
but v(a;) = 0 for some a; so that the polynomial is not constantly zero. This
contradiction shows that there is no such f, meaning that « is transcendental
over K,. We can sum up our conclusion as follows:

Theorem 2.11. Let K be any field with a general valuation v and L = K(«)
a purely transcendental extension. Then the Gaussian extension of v to L is
a valuation on L, with the same value group as v and with residue class field
K, (@), a purely transcendental extension of the residue class field K, of K.

2.1.1 Extensions of Incomplete Fields

Let L/K be a field extension. Let v be a valuation on K. Let K be the
completion of K with respect to v. We can base extend L to the K-algebra
via L Q@ K. This K—algebra will factor as [[ K; = L ®g K and v will be
extended to w; on each K;.

2.1.2 Tensor Products

Let K be aring. Let U,V be K-modules. A map f:U x V — W from the
direct product U x V of U and V to a K-module W is said to be K-bilinear
if it is K-linear in both entries, in other words

flauy + bug,v) = af(uy,v) + bf (uz,v)
f(u, avy + bvg) = af(u,vy) + bf(u,ve)

for all a,b € K. In the case that K is a field and U = V is a K-algebra,
the map (u1,us) — ujus is a K-bilinear map on the set U x U. The tensor
product is the tool to understand bilinear maps.
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Theorem 2.12. Given K-modules U and V, there exists a K-module UQ gV,
called the tensor product of U and V' over K such that every bilinear map

FiUXV 5 W

factors as in the following commutative diagram

UxV ¢ Uk V

w

for some ¢: U XV — U @k V fived for the U,V pair and a K-module
homomorphism f.

Proof. Consider the free K-module A on U x V. Imposing the bilinearity
conditions, consider the submodule B C A genearated by

(auy + bug, v) — aluy, v) — b(ua, v)

and
(u, avy + bvy) — a(u,vy) — b(u, v7)

for all a,b € V,u; € U,v; € V. Define U ®k V to be
UxkgV =A/B,
and the map ¢ as

6:UxV — A/B
(u,v) = u®v.

The elements of the form u ® v are called the pure tensors, and
A/B = {ci((u,v) + B)} = {ciu @ v}

is the set of K-bilinear combinations of pure tensors.

Define f as
fUQV =W
(u®v) — f(u,v).
The well-definedness of f is left as an exercise. O
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Starting from K-modules U and V' we have arrived at a K-module U @ V.
If K was a field and U and V were K-algebras, then using py: U @ U — U
and po: V ®g V. — V factoring the multiplication maps U x U — U and
V x V — V, we define the coordinatewise map p on U ®k V as

e (U®KV) X (U®KV)—>U®KV
(U1 @ vy, up @ v2) = i1 (Ur ® Uz) @ pa(v1 @ va)

and see that U @k V' is a K-algebra, too.

In our case of interest, we will have U = K(a) and V = K. If f(z) =
irr(a, K), then U = Klz]/fK|[z].

Theorem 2.13. There are the isomorphisms

]/ fK[z]
2]/ K[z @ - ® Klz]/g, K[

12

K(a)®x K

=y )

I

for some gi,...,q, € }A([x] such that
f=91...9-
April 6
To see that M ® N is unique, take
Mx N—2

A

such that ¢ is a bilinear map that factors through H. Then taking K = M QN
and the earlier module to be H, we see that M ® N = H.

H

Proposition 2.14. Let M be an R-module. Then

M@rR=M.

Proof. We will give two different proofs: one directly constructive, the other
showcasing the universal property.
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1. Write the isomorphism explicitly:
M ®r R = M.

mLl=m1l—rm
me1l—m

]

2. Every bilinear map f: M xR — L for some R-module L factors through
M by a bilinear map

f:M— L
m— f(m,1).

Note that f = f o ¢ where
¢o: M x R— M

(m,r) — rm,

since

f(@(m,r)) = frm)
= rf(m)
=rf(m,1)

The R-module isomorphism f thus defined is unique because of the
restrictions of being bilinear.

M x R

N

L

Proposition 2.15. Let M;,i € I and N be R-modules. Then

(@Mz) ®r N =D (M;®rN).

il iel
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Proof. Exercise. O

In our case of interest, we will take all M; in Proposition 2.15 to be R and
denote @,.; R = R’ whence it says that every element of R ®z N can be
written in a unique way as a finite sum

Z€i®yi

where {e;}ies is the standard basis of the free R-module R and y; € N is
nonzero for only finitely many i € 1.

Corollary 2.16. Let K be a field and let M and N be K -vector spaces. Then
{e; @k f;} is a basis for M @k N if {e;}ier is an K-basis for M and {f;};cs
1s an K-basis for N.

Proof. Apply Proposition 2.15 twice: with M = KT and with N = K/. O

Say A is a K-algebra and F//K is a field extension. In particular, F' is a free
K-module. Let {e;};c; be a basis of F' over K. Then

FoxA= (PK) ok A

il

~ (P(K @k A)

el

g@A.

il

Let {b;}jcs be a K-basis for A. By Corollary 2.16, {e; ® b,} is a K-basis for
F ® A. Including F' in the scalars, {1 ® b;},cs is a basis of F ®x A as an
F-module. In particular,

April 11

Let E/K and F/K be two field extensions. Assume that £/K is a separable
degree n extension. By the primitive element theorem F = K(f) with f(5) =
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0 for some irreducible f € K{[z| of degree n. In particular, £ = K[z]/(f) is
an n-dimensional F-vector space. The inclusion K < F' induces an inclusion
K[z] < Fz| between the polynomial rings which in turn induces an inclusion

K[z]/fK[z] < F|x]/fF[z] between the quotient rings.
Lemma 2.17. Let f, K, and F' be as above. Then

Klz]/fK[z]| @k F = Flz]/fF[z].
Proof. We will give two proofs:

1. One way to prove this isomorphism is to show that the right hand side
satisfies the universal property of the tensor product.

The bilinear map \: E x F' — F|x]/fF[z] is given as
AMh+ fK[x],¢) = he + fF]z].

To show the existence and uniqueness of the factoring map is left as an
exercise.

2. The bilinear map A in the first proof factors through F ® F' to some
lambda.
ExF

E®kgF

If cpa™ + -+ + o € Flz]/fF[x], then Mz™ @+ -+ 1® cy) =
Cmx™ + - - + ¢,; therefore, A is surjective. Moreover, by the discussion
after Corollary 2.16,

dimp(Flz]/fF[z]) = deg f = n;

hence,
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The polynomial f(x) seen in F[z] might not be irreducible anymore. Let

(@) =g1(z)...g,(2)
where g1, ..., g, € Flz]| be distinct irreducible polynomials. Then

EQk =K & &K,

where
K; = Flz]/(g;)-
For each j = 1,...,r there is an inclusion
Lj: E — Kj
ﬁ = B]a

and F sits in K as the field of constants. Also, there are the projections
e E DK F— Kj.

Composing, we get
)\ji F— Kj.

The kernel ker A; is either 0 or the all of E. As A;  is the identity on K, we
have ker \; = {0}, i.e. \; injects into K.

Now, set F' = K. For each 7 =1,...,r the valuation v on the complete field
K extends uniquely to some valuation w; on K; by some earlier theorem.
The restrictions v; = wj, are valuations on E.

Lemma 2.18. Each Kj; is the completion of E at v;.

Proof. There exists the maps
L=K®gL—KoxL—K,

where the injection has dense image because K is dense in K. O

Lemma 2.19. Up to equivalence vy, ... v, are all the extensions of v to E.
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Proof. Let v be a valuation on E extending v. As F'= K @ I sits densely
in K ®k F, by continuity, v’ defines a valuation on

Kok E=K & &K,

Defining v'(k;) = v/(0,...,0,k;,0,...,0) we see that v" defines a valuation
on each K that extends v; but such an extension is unique as Kj is a finite
separable extension of K, so U|’ K, = Wj-

Without loss of generality, if v‘/ Kk 7 0# v" Kk, then for a; € Ky and ay € Ky
with v'(ay) # 0 # v'(az) the contradiction is given by

0 # v'(a1)v'(a2)
=v'(1,0,0,...,0)0(0, as,0,...,0)
=0.
It follows that v’ on E is either the trivial valuation or one of the v;. O]
Lemma 2.20. The valuations wy, ..., w, are pairwise inequivalent.
Proof. (I could not hear the proof.) O

Theorem 2.21. (Collect all of them in our context here.)

Theorem 2.22. Let L/K be Galois of degree n, let v be a principal valuation
on K, and let wy, ..., w, be all the extensions of v to L. Then the ramification
indices e(w;|v) are all equal

e = e(w;|v), Vi,
and the inertia degrees f(w;|v) are all equal

f = f(wz|v),Vz

Proof. Follows from the Galois group acting transitively on the valuations.
For details, consult the textbook. O
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2.2 Dedekind Domains

The ring Ok of integers of a number field K is given by the integral clo-
sure of Z in K, denoted ick(Z). The following proposition is another way of
expressing Og:

Proposition 2.23. The ring Ok is the set of elements of K satisfying a
monic polynomaial with integer coefficients.

Proof. O]

Up until now, we considered valuations on Q and their extensions to number
fields. We have the following proposition to connect these approaches:

Proposition 2.24. For each prime p € Z one has the containment Z C O,

and
Z= () O,

p prime

Proof. O

One can generalize this proposition to number fields.

Theorem 2.25. For each valuation ring O of some number field K, one has
the containment 7. C O and the integral closure icx(Z) of Z in K is given as

ick(Z) = N O.

O waluation ring of K

Proof. O]

What is more general than looking at all valuations on a number field is
to consider a family S of pairwise inequivalent principal valuations on an
arbitrary field K and the associated ring

Os =)0,

vES

of S-integers. The family S is called the prime divisors or places.

49



Example 2.2. Let K = Q and S = {vy,v3}. Then
Os =0,N0O;
a

Let us denote by My all the valuations on some field K.

Example 2.3. Let K = k(x) for some field k, and let S = Mg. Recall
from Theorem 1.27 that the valuations on K are one for each irreducible

polynomial p(T") € k[T] and one at infinity corresponding to % It follows

that if % is an element of Og, then no irreducible polynomial can divide
g(T), implying deg g(T") = 0. On the other hand, for

voo(g) = —deg f +degyg

to be nonnegative, deg f must be 0; therefore,
Og = k.
We also saw that

OMK\{'UOO} = k’[l’]

We say that S has the strong approximation property if

O
[y

D1: Every valuation in S is principal.

o
N

: Every x € K is in O, for all but finitely many p € S.

o
g

: Given p,p’ € S and for every N > 0, there exists some x € K satisfying

(i) vp(z —1) > N,
(ii) vy (z) > N,
(ili) vg(x) > 0 for all ¢ € S.

Theorem 2.26 (Strong Approximation Theorem). Let S be a family of in-

equivalent valuations on some field K. Let py,...,p, € S and letay, ..., a, €
K. If S has the strong approximation property, then for every N > 0 there
ezists some x € Og such that vy, (v —a;) > N fori=1,...,n.

Proof. Read Cohn, Theorem 4.1. O
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2.2.1 Fractional Ideals

We can define multiplication on ideals I and J of some ring R as

I-J= {Zxkyk]xk € I,yk € J}
k=1
Basic properties of ideal multiplication are presented in the next proposition.
Proposition 2.27. Multiplication of ideals is associative with the unit ele-
ment being R.

Proof. O]

Two properties of a group is checked, the remaining one is the existence of
inverses. Considering the case of R = 7Z and I = 27, we realize the need for

inverses in R: ]
27, - §Z = 7.

To find generators like %, we need to pass to a field containing R. In partic-
ular, these inverse ideals are not ideals of R anymore.

Recall the properties of an ideal: We call I an ideal of R if

1. I CR,

2. x+y €[ for every x,y € 1.

3. cxel forevery ce R,z € 1.
Crossing out the first property we are left with closure under addition and
multiplication by constants, in which case we call I an R-module. This calls

for a definition: Let O be a ring contained in some field K. A fractional ideal
I of O is an O-module I C K such that

u® C I CvO
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for some u,v € K.

If I C O is an ideal, then u € I arbitrary and v = 1 makes [ a fractional
ideal. In fact, the fractional ideals of O that are contained in O correspond
to normal ideals in O and are called integral ideals.

Let I and J be fractional ideals of O with
v O C I CvO
us O C J C v,0.
Then .
I-J={> zwyuler € Ly € J}

k=1
is a fractional ideal of @ with

ul“Z(9 - 1J - Ul’UQO.

Given a fractional ideal I of O, does there exist some fractional ideal J such
that IJ = O7? This is true ezactly when O is a Dedekind domain. Going
back, for a family S of inequivalent valuations, the ring Og is a Dedekind
domain exactly when S has the strong approximation property.

Let
I=0fi+---+0f,
for some

9i
’i = —, iah'i cO

be a finitely generated O-submodule and let K be the field of fractions of
O. Define h = hy - - - h,. Multiplying by h kills the denominators, so we have
hI C O and I C h™'O. It is easy to see that

O-I=Tand1-0=1,

so we have an identity element.® Given I, if there exists .JJ such that I-J = O,
we say that [ is invertible.

6The C’s are by I being a sum with O coefficients and D’s are by 1 € O.
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In general, we define
(O:I)={xe€O0: 2] CO}

which is a fractional ideal and an O-submodule because if z1,2o € (O : I)
then 21/ C O and x2I C O which gives (a2 + asx9)] C O meaning that
a1x1 + aswg € (O : 1) for every aj,as € O. Also, if uO C I C vO then

v !OC(O: ) Cuto

which means that (O : I) is a fractional ideal. Further, we always have
I-(O: 1) C O; if equality holds, we say that I is invertible and its inverse
I™tis (O:1).

As an example, let I C Q be a Z-module. For a common denominator h € Z,
we have hl C 7Z. The ideals of Z are of the form nZ for some n € Z, hence

hl =nZ = (p1)* ... (p,)"

if n factors into primes as n = pi'...pS. It follows that

I= (). (p) (@)™ . {gs) 7P

= prz

where h = q{l ... ql* is the prime factorization of h.

This example hints at a correspondence between fractional ideals ideals and
tuples (a,)pes of integers. Observe that a, is zero for infinitely many valu-
ations. The second axiom of the strong approximation property says that
vp(z) = 0 for almost all p € S when x is fixed.

Define the multiplication of two formal products of valuations Hpe Pt and

[Tespi' as
Hp?i prz _ Hp?i"!‘bi'

peS peES peS

Notice that this is a free abelian group generated by elements in S where
instead of the additive notation ) a;p; we use the multiplicative notation as
above.
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We want to find an isomorphism between the set of fractional ideals and the
tuples (ap)pes. We saw that (a;) establishes a free abelian group so if we can
construct such an isomorphism, then the fractional ideals, hence the number
theory part will be tamed. We will see that such an isomorphism holds in
the Dedekind domains, hence all fractional ideals will be invertible.

Let’s first consider an example.

Example 2.4. Let z € 27 so we have vy(z) > —1, v3(z) > =2, v7(z) > 1
and v, (z) > 0 for the others. We define ap = —1, a3 = =2, a; =l and a, =0
so we get the product as (2Z)~' - (3*Z)~! - 7Z.

Let F be the set of O-modules contained in K, and let D be the free abelian
group generated by S :

D= {Hpa”:apEN}.

peES

Define the maps

vy F = 7
IHrilel?vp(x)

and

p: F—=D
I — Hp”p(])'

peES

The map v, is well defined: As uO C I C vO we have v,(u) > v,(I) > v,(v),
hence v,(x) € Z.

Moreover, ¢ is a group homomorphism: Let I and J be two fractional ideals.
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Then
v,(I-J) = - ngfez.ﬂp (Z akbk)

> min  minw, (agby)
Zk apbp€l-J k

> mj b
> ag{lbréjvp(a )

= minv,(a) + minv,(b)
= vp(I) + vp(J).

On the other hand, v,(I - J) < v,(I) + v,(J) because ab € I - J for a € 1
and b € J satistying v,(a) = v,({) and v,(b) = v,(J). We conclude that
vp(I - J) =v,(I) + v,(J) and that ¢ is a homomorphism.

April 20
On the other direction, define the map ¢: D — F as

2ﬂ(l_[pap) ={z € K:vy(z) = a,}.

peS

Proposition 2.28. The map ¢ is a well-defined group homomorphism that
satisfies I C (p(I)) for any I € F.

Proof. The image ¢(]],c4p®) is a O-module contained in K:

The map 1 is a group homomorphism:

I C(p(D)): 0

Lemma 2.29. If S has the strong approzimation property, then ([ [,csp™)
15 a fractional ideal for every Hpes PP,

Proof. Let [[i_,p{* € D with a; # 0 for all ¢ = 1,...,n. Apply Theorem

2.26, the Strong Approximation Theorem, with N = —minay,...,a,,0 to
get some x € Og such that v,,(x —a;) > N for i = 1,...,n; consequently,
@D(Hpap) Cz'Os.
peS
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To find a nonzero element u € ¢([],cgp™), use the theorem again. Then
uOs C Y(]],csp*) and the image is a fractional ideal. O

Lemma 2.30. Let A be a fractional ideal. If v € K such that v,(x) > v,(A)
for allp € S, then x € A, i.e. P(p(A)) C A.

Proof. Let B =214 and C = BN Og. For every p € S it must be the case
that v,(B) < 0 and v,(C) = 0.

Take ¢ € C. If cis a unit in C C B, then cc™! =1 € B, hence v € A and we
are done; otherwise, choose a; € C' where v, (C'), which is 0 because C' C Og,
is attained for those finitely many valuations p,...,p, with v, (c) # 0. By
Theorem 2.26, for each j = 1,...,n there is some b; such that

Up; (b; — aj_1> > Up, (c),
Upz(b]> Z Upi(c)7 Vi € {1) 'aju '7”}7
Uq(bj> > qu # P1,---3Pn-

Since v,(c) € Og and vy, (a;) = 0 we have b € Og.

Put a = > a;bj and d = ¢ *(1 —a). If d € Og, then 1 = dc+ a € ¢ and we
are done; otherwise, by the choice of each b’s we have

Upj<1 - (Z) = Upj(<1 - (ajbj)) - Zalb%
1#]
> vy, (—a;(b; — a;')) > 0+ wy,(¢)
= Up, (C)v
hence ¢71(1 — a) € Os. O
Theorem 2.31. When S has the strong approximation property, 1 o ¢ is
identity.

Proof. Let J = [],cqp™, a, € Z. We need to find x € ¢(J) such that

vp(x) = a, and v, () > a,, Vg # p.

56



Since p’s are normalized, v,’s are surjective. Take § € K such that v,(3) = a,
and use Theorem 2.26 to find = such that

vp(z — B) = a, + 1 and v,(z) > a,, Yq # p.

]

Theorem 2.32. Let K be a field and let S be a set of places with the strong
approzimation property. Put Og = ﬂpes O,. Then the fractional ideals of Og
form an abelian group isomorphic to the divisor group on S. In particular,
every fractional O-ideal is invertible:

I =4(e)™).

Theorem 2.33. Let O be an integral domain with the field of fractions K.
Then the following are equivalent:

(1) O is the intersection of principal valuation rings O, C K with the
strong approximation property.

(11) Fractional O-ideals form a group with respect to the ideal multiplication.
(111) O satisfies the following:

(a) O is Noetherian.
(b) O is integrally closed in K.

(¢) Every nonzero prime ideal of O is maximal.

An integral domain satisfying these properties is called a Dedekind domain.
Theorem 2.34. Let A be a ring. Then the following are equivalent:
(1) The set X of ideals of A satisfies the ascending chain condition: Every
increasing chain I C Iy C ... of ideals stabilizes, i.e. I, = Iy 1 = ...
for some k.

(i1) Every nonempty set of ideals T C X has a mazximal element.

(111) Every ideal of A is finitely generated.
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Proof. The equivalence of (i) and (ii) is clear.

(i) = (iii): Let I be an ideal of A, and let f € I. If I\ (f1) = 0 we
are done. Otherwise, choose fo, € I\ (f1) and so on. This constructs an
ascending chain

(fl) C (fl,fg) C....

By (i), this chain stabilizes, i.e.

[\(fh’fn):@
for some n. As (f1,..., fn) C I, we get
I= (fla'--afn)'
(Note that, this proof uses the axiom of choice while choosing fi, f2,.... An

alternative proof that do not use it is given next.)

(i) == (iil): Given an ideal I, consider the set S of the finitely generated
ideals of A which are contained in I. This set is nonempty since (0) € S. By
(ii), S has a maximal element, say J. Let f € I. By maximality, (f,J) = J
so f e

(iii) = (i). Let 1 € I, C ... be an ascending chain of ideals of A. The
set I = U;’il I; satisfies a + b € I because some I, contains both a and b,
soa+bel, CI Also,if r € I and a € I, then ra € I, for some k, so
ra € I. It follows that I is an ideal. By (iii), it must be finitely generated.
Let I = (f1,..., fn). There is some I; containing all f;. Then

]:(f17”'7fr)glkglk+lg]7

so the chain stabilizes. O

A ring that satisfies these properties is called a Noetherian ring,.

Lemma 2.35. Let O be an integral domain with field of fractions K. If the
set of O-fractional ideals form a group, then O is Noetherian.
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Proof. Let I be an ideal of O. We would like to show that [ is finitely
generated. If I = (0) then it is already finitely generated. Otherwise, there
is some fractional ideal I=! of O such that I1~-! = O, which goes to say that,
in particular,

i aibi =1
=1

for some a; € I and b; € I71.

Let x € I. Write

r=uzl= xiaibi = iai(aﬁbi).
i=1

i=1

As II7' = O we have zb; € O for i = 1,...,r; hence, I is generated by
ai,...,a, over O. O

Let O be a Dedekind domain with field of fractions K. Consider the map
O: K* =D K
o= Hpvp(a)
where Dy is the free abelian group on all (principal) valuations of K.

If € ker© then a ¢ m, for any maximal ideal m,, hence o € O*. Con-
versely, if & € O, then it is not contained in any proper ideal, so

ker©® = O*.
Denote O* = U.
We have the short exact sequence
1 — U — K* -2 Dy — Di/O(K*) —» 1,

which is a short (and fancy) way of saying that at each particular place in
the sequence, the image and the kernel are the same. In this case, it says
that U embeds into K* and U = ker © while the quotient map surjects.
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Note that
vp(af) = vp(@) + vy (F)
implies
O(af) = 0()0(s),
so the image I'm© of © is a subgroup of Dg.

The quotient Dy /O(K*) is called the class group. We will try to understand
the map © by getting a hold on the units and on the class group.

April 25

Theorem 2.36. Let O be the intersection Oy = ﬂpES O, of the valuation
rings of all non-archimedean valuations of a number field K. The integral
closure icgx(Z) of Z in K is Ok.

Proof. That Ok C ick(Z) follows from icx(Op) = (), Og- For the other
direction, let av € ick(Z). Then there is some irreducible monic polynomial
f € Z[z] such that f(«a) = 0. Having integer coefficients, f € O,[z] for all
primes p € Z hence ick(Z) C Ok. O

3 Algebraic Function Fields & Riemann-Roch

In what follows, we will deal with the rational function field K(z) and its
finite extensions F'/K, which we call function fields (over K). Two good
references for this part are [1] and [2].

We call K the constant field of /K, but there may be more constants as in
the case of C(x, va? + ax 4+ b)/R. We call K = FN K the full constant field
of F/K.
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3.1 Valuations over the Constant Field

We have seen the valuations of K(x) at Theorem 1.27. Valuations of a
function field F'/K are extensions of valuations of K (x).

Proposition 3.1. If v is a valuation of F over K, then v is also over K.

Proof. Let z € K. Assume z ¢ O,. Then z7! € P,. By definition z is
algebraic, hence so is z~!: There are a; € K such that

Y+ +arz +ap =0,

and

v(z) =v (——((2_1)7"—1 4+ a1)> >0,

Qo

contradicting z ¢ O,. We reach a similar contradiction when 271 ¢ O, and
conclude that z € O, \ P,, i.e. v(z) = 0. O

Maximal ideals P of valuations are called places and the set of all places of
F/K is denoted Pr. Furthermore, we use Op and O, interchangeably when
P = P, and we denote by Fp the residue class field Op/P of P.

One might see Op as the functions defined at the place P, and by abuse of
notation, P as functions which vanish there; whereas, the residue class field
is the field of values of functions in F' at P: Using the map

Op—>Fp
z— 24 P,

we will set z(P) = z + P as the value of z at the place P. Also, we can
extend this map to F' as

z+P izeOp
Z =
00 if 2 ¢ Op.

Homework 3.1. O,/ Py = C for p(z) = 22 + 1 € R[z].
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Since we are dealing with valuations over K, for every P we have KNP = {0}.
As a result, the composition of K C Op and the map Op — Fp above, K
injects into Fip. We define the degree of P as the degree of this field extension:

deg P = [Fp : K].
If deg P =1 then P is called a rational place.

Lemma 3.2. If z € P is nonzero, then [F : K(2)] is finite.

Proof. As z € P and nonzero, we know that v(z) # 0 and by Proposition
3.1, we have z ¢ K. In particular, z is transcendental over K, so both F' and
K(z) have transcendence degree 1 over K; hence, [F' : K(z)] is finite. O

Lemma 3.3. [Fp: K] < [F: K(2)].

Proof. Suppose z;(P), ..., z.(P) € Fp are linearly independent where z1, ..., 2, €
Op. If we can show that z, ...,z are linearly independent over K(z), then
we are done.

Let

o1(2)z1 + -+ @r(2)z, =0
for some ¢q,...,p, € K(z). Multiplying by a common denominator and
modding out the common z factors, we can take ¢q,..., ¢, € K[z] not all

divisible by z. Let ¢;(z) = a;+ zg;(2) with a; € K and g; € K|[z]. Evaluating
the linear relation at P,

O(P)+z1(P)+ -+ ¢ (P)z(P) = a1z1(P) + ... a,2.(P) = 0.

As z(P),...,z(P) are K-linearly independent, all a; = 0. Contradiction.
[l

Proposition 3.4. [Fp : K] is always finite.

Proof. Apply Lemmas 3.2 and 3.3. ]
Corollary 3.5. [K : K] is finite.

N
=h
(M
~
T
]

Proof. The degree [Fp : K] is finite for any P € Pr and K
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Corollary 3.6. If there is one rational place on F, then K = K .

For z € F and P € Pp with vp(z) = n, if n > 0 we say z has a zero of order
n at P, and if n < 0 we say z has a pole of order n at P.
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